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Mathematical problem solving: prospects and reality

Tatjana Hodnik

Faculty of Education, University of Ljubljana, Slovenia

Abstract. Problem solving is a leading mathematical activity which stimulates
mathematical thinking. From the theoretical point of view this activity is very
complex due to different issues which describe what problem solving is and what is
its role in the process of teaching and learning mathematics. Our interest regarding
these issues mainly focuses on the following: what are basic characteristic of a
mathematical problem, the nature (conceptual, procedural) and the role of
representation (interplay between internal and external) of a mathematical problem,
mental schemas for problem solving, heuristics as principles, methods and
(cognitive) tools for solving problems, types of generalisations and reasoning
(abductive, narrative, naive, arithmetic, algebraic), problem solving as a challenging
activity for mathematically gifted students and role of teacher’s guiding of problem
solving as a way of implementing students’ problem solving in the classroom.
Studies we carried out on problem solving in Slovenian context, which we believe
are relevant also to other country contexts, include different groups of students at all
levels (from elementary school, secondary school, prospective teachers) are
presented aiming to encourage our thinking about prospects of problem solving in
the process of teaching and learning mathematics in relation to reality of mathematics
classrooms. We believe that problem solving has different roles and benefits for the
learners (beside the activity of problem solving itself), namely (we are presenting
those we have investigated): students can through problem solving demonstrate their
pre-knowledge about a certain mathematical concept [1], problem solving activities
provoke students’ creativity [2], problem solving is challenging for gifted students,
because they are interested in complex problems, which lead to different solutions,

problems encourage them to take decisions, include uncertainty...[3], problems
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solving enables diagnosis of students’ misconceptions about mathematical concepts
[4], an analysis of students’ problem solving activity provides us knowledge about
students’ mental schemas for problem solving [5]. Research has proven and it was
confirmed many times that there is a great potential of (mathematical) problem
solving for the learners but the reality in terms of teaching practice, external
examinations, teaching material, mathematics curriculum seems not to be in tune
with the research findings. We are going to present some possible reasons why we
are facing this gap and give some ideas for improvement the situation (arguing that
problem solving must take place in the mathematics classroom). Among others we
claim that going back to heuristics, teach and guide students’ problems solving
(meaning developing systematic approach to problems solving), as a complement to
constructivist ideas (where students are encouraged to develop problem solving
strategies themselves, using the knowledge they possess and developing new) might

be a good ‘start’ to put forward problem solving activities in the classroom.

Keywords: problem solving, inductive reasoning, heuristics, mental schema,
teaching practice, research on problem solving
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ReSevanje matemati¢nih problemov: obeti in realnost

Tatjana Hodnik

Pedagoska fakulteta, Univerze v Ljubljani, Slovenija

Povzetek. ReSevanje (matemati¢nih) problemov je vodilna aktivnost (v
matematiki), ki spodbuja (matemati¢no) misljenje in usmerja razvoj (matematike).
Ce na to aktivnost pogledamo s teoreti¢nega vidika, predvsem v povezavi z
izobrazevanjem, ugotovimo, da imamo opraviti z zelo kompleksno situacijo.
Resevanje problemov v tem kontekstu lahko preucujemo z razli¢nih vidikov, kot a
primer (omenili bomo zgolj nekatere): katere so bistvene karakteristike matemati¢nih
problemov, katere vrste matemati¢nih problemov poznamo, kakSen je pomen
reprezentacij oz. na kakSen nacin reSevalec vzpostavlja povezave povezav med
Zunanjimi in notranjimi reprezentacijami, kak$no vlogo imajo miselne sheme za
reSevanje problemov, kako hevristike kot principi in (kognitivna) orodja za reSevanje
problemov pomagajo reSevalcu pri soocenju s problemi, na kak$ne nacine lahko
posplosujemo resitev, kjer nas zanima predvsem induktivno sklepanje, ki ga delimo
v glavnem na abduktivno, narativno, naivno, aritmeticno in algebrai¢no
posploSevanje. Z vidika vloge reSevanja problemov pri pouku pa je po nasem
prepricanju kljucni izpostaviti vlogo ucitelja, ki na osnovi znanja in premisljenega
vodenja vpeljuje reSevanje problemov v pouk matematike. Veliko razli¢nih raziskav
je bilo opravljenih na podrocju preucevanja reSevanja problemov v Sloveniji, ki so
za razumevanje te problematike aktualne tudi SirSe, izven slovenskega prostora.
Prikazane Studije, s katerimi Zelimo vzpodbuditi razmis$ljanja o obetih reSevanja
problemov pri pouku, vkljucujejo razli¢ne skupine preucevancev (od predSolskih
otrok do Studentov na univerzi) ter obravnavajo razlicne, zgoraj omenjene, vidike
reSevanja problemov. Verjamemo namrec, da ima reSevanje problemov za ucence,
poleg pomena dejavnosti kot take, tudi druge pomene in sicer (predstavili bomo tiste,
ki smo jih preucevali v nasih raziskavah): ucenci z reSevanjem problemov izkazejo
predznanje o izbranem matemati¢nem pojmu [1], reSevanje problemov v ucencih

izzove kreativnost [2], reSevanje problemov, predvsem kompleksnih, predstavlja
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izziv nadarjenim ucence, ker jim omogocajo razli¢ne reSitve, jih spodbujajo k
sprejemanju odlocitev, vkljucujejo negotovost...[3], na osnovi u¢encevega resevanja
problemov lahko ugotovimo njegove napacne predstave o izbranem pojmu [4],
analiza reSevalCevih strategij omogoca pridobivanje znanja o miselnih shemah za
reSevanje problemov [5]. Raziskave vedno znova pokazejo, da ima reSevanje
(matematic¢nih) problemov veliko potencialov za ucenje, a v realnosti, ki jo na tem
mestu razumemo kot poucevanje v razredu, razli¢ni konteksti preverjanja znanja
(nacionalni in mednarodni), u¢benisSka gradiva ter ucni nacrt, pa s trendi raziskav
prakticno niso uglaseni. Izpostavili bomo nekatere mozne razloge, zakaj do teh
razhajanj pride in poskusali podati nekatere resitve, pri cemer nas vodi stalisce, da je
potrebno vztrajati pri ideji implementiranja reSevanja problemov v pouk matematike
na vseh stopnjah izobrazevanja. Med drugim bomo zagovarjali, da poucevanje
hevristik in vodenje u¢enca pri reSevanju problemov ali drugace, sistemati¢en pristop
k resevanju problemov kot komplement konstruktivisticnemu pristopu, lahko
predstavlja dober ‘zacetek’ (Polya je s to idejo pricel pred ve¢ kot 70-imi leti) za

napredovanje pri udejanjanju reSevanja problemov pri pouku matematike.

Keywords: reSevanje problemov, induktivno sklepanje, hevristike, miselna

shema, poucevanje, raziskave
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What can we learn from students’ drawings?
Visual research in mathematics education

Ana Kuzle

Department of Primary Mathematics Education, University of Potsdam, Potsdam, Germany

Abstract. Over the last twenty years, visual research methods became
somewhat mainstream across social science research. Visual research methods
incorporate some kind of imagery (e.g., drawings, photographs, videos) into the
research process, which then constitute data used to communicate the research
results. The roots of visual research stem from social sciences with a focus on the
psychological stance of describing children’s drawings in terms of developmental
sequences. Recently, however, the focus shifted onto using drawings as expressions
of meaning, understanding, and affect in (mathematics) education. Especially,
participant-produced drawings allow a constructive process of thinking in action,
rather than seeing drawings as simple representations of the participant’s world. In
this plenary lecture, | discuss the possibilities of using drawings in mathematics
education research. Concretely, | focus on participant-produced drawings as a
window into students’ perceptions of geometry classroom learning milieu from a

cognitive, social, and emotional perspective.

Keywords: drawings, fundamental ideas, classroom social climate, emotional

atmosphere, visual research
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Was konnen wir aus Schiilerzeichnungen lernen?
Visuelle Forschung in Mathematikdidaktik

Ana Kuzle

Department Lehrerbildung, Grundschulpiddagogik Mathematik, Universitét Potsdam,
Potsdam, Deutschland

Zusammenfassung. In den letzten zwanzig Jahren haben sich Methoden der
visuellen Forschung in den Sozialwissenschaften durchgesetzt. In der visuellen
Forschung gibt es verschiedene Moglichkeiten zum Erfassen mentaler
Vorstellungen. Dazu zdhlen zum Beispiel Fotografien, Videoaufnahmen oder
Zeichnungen. Die Wurzeln der visuellen Forschung liegen im Schwerpunkt auf der
psychologischen Haltung. In letzter Zeit verlagerte sich in Mathematikdidaktik der
Fokus jedoch auf die Verwendung von Zeichnungen als Ausdruck von u.a.
Schiilervorstellungen zum Mathematikunterricht und kognitiven (Annahmen und
Uberzeugungen), affektiven (Gefithle und Emotionen) und behavioralen
(Verhaltensweisen) Einstellungen der Schiiler. Insbesondere ,,participant-produced
drawings® ermoglichen einen ko-konstruktiven Prozess des Denkens in Aktion,
anstatt Zeichnungen als einfache Darstellungen der Teilnehmerwirklichkeit zu
betrachten. In  diesem  Paper  diskutiere  ich  die  zahlreichen
Verwendungsmoglichkeiten von  Zeichnungen in  mathematikdidaktischer
Forschung. Insbesondere fokussiere ich Schiilerzeichnungen um einen non-verbalen
Einblick in die Wahrnehmungen der Schiiler iiber das geometrische Lernklima aus

kognitiver, sozialer und emotionaler Perspektive zu erlangen.

Schlagworter:  Zeichnungen, fundamentale Ideen, Unterrichtsklima,

emotionales Klima, visuelle Forschung
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Preservice mathematics teachers and teacher research

Sanja Rukavina

Department of Mathematics, University of Rijeka, Croatia

Abstract. Teacher research is intentional and systematic inquiry carried out by
teachers. Mainly, it is recognized as an effective way of improving everyday
classroom practice, but it can also be a starting point for a systematic investigation
of a wider problem. Furthermore, recent changes in the Croatian Education System
recognize the importance of the role of a teacher as an active participant in the
changing of the educational process. The School for Life program needs teachers
willing to conduct teacher research and to take initiative and responsibility in the
shaping of the “school for life”. Which problems can be expected during that
process? Are preservice mathematics teachers prepared for that challenge? Which
changes in their education are needed? These questions will be discussed based on
the findings collected from the students of the graduate teacher training courses at

the Department of Mathematics, University of Rijeka.

Keywords: teacher research, preservice teacher, role of the teacher,

mathematics teaching, School for Life
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Buduc¢i nastavnici matematike i istrazivanje u nastavi

Sanja Rukavina

Odjel za matematiku, Sveuciliste u Rijeci, Hrvatska

Sazetak. Nastavnicko istrazivanje je akcijsko istrazivanje usmjereno
prvenstveno na poboljSanje vlastite prakse, a moze posluziti kao polazna tocka za
sustavno istrazivanje ve¢eg problema uo¢enog u nastavnoj praksi. Nedavne promjene
u hrvatskom obrazovnom sustavu prepoznaju znacaj uloge nastavnika kao aktivnog
sudionika i kreatora obrazovnog procesa. Za uspjesnu realizaciju programa Skola za
Zivot potrebni su nastavnici koji ¢e provoditi istrazivanja u nastavi i preuzeti
inicijativu 1 odgovornost za oblikovanje “Skole za Zivot”. Koji se problemi mogu
oc¢ekivati tijekom tog procesa? Jesu li buduéi nastavnici matematike spremni za taj
izazov? Koje su promjene u njihovom obrazovanju potrebne? O ovim ¢emo
pitanjima raspravljati na temelju saznanja dobivenih od studenata diplomskih studija

nastavni¢kog smjera Odjela za matematiku SveuciliSta u Rijeci.

Kljucne rijeci: akcijsko istrazivanje, buduéi nastavnici, uloga nastavnika,

nastava matematike, Skola za Zivot
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Treatment of initial multiplication in
textbooks from Croatia and Singapore

Tihana Bakovié!, Goran Trupd&evi¢! and Anda Valent?

! Faculty of Teacher Education, University of Zagreb, Petrinja, Croatia
2 Zagreb University of Applied Sciences, Croatia

Abstract. In this lecture, we aim to partially characterize the way of teaching
mathematics, specifically the initial learning of multiplication in the Croatian
education system.

Because teaching is a socio-cultural phenomenon, in describing it, it is
necessary to step out of the cultural frame, since only then one can notice some of its
attributes that from the inside appear to be self-evident.

For this reason, we compared the treatment of initial multiplication learning,
including the multiplications table, in textbooks from Croatia and Singapore. In the
analysis of the textbooks we used an adapted framework from Charalambous,
Delaney, Hsu and Mesa (2010) that looks at a textbook as an environment for

construction of knowledge of a single mathematical concept.

Keywords: mathematics textbooks, analysis of concept construction, initial
multiplication

11
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Utjecaj uporabe interaktivnih apleta kreiranih u GeoGebri
na konceptualno i proceduralno znanje ucenika

Tihana Bakovié!, Goran Trupéevié! i Anda Valent?

! Uciteljski fakultet, Sveuciliste u Zagrebu, Petrinja, Hrvatska
2 Tehnic¢ko veleudiliste u Zagrebu, Hrvatska

Sazetak. U ovom ¢emo radu djelomi¢no okarakterizirati nac¢in poducavanja
matematike, posebice pocetnog uc¢enja mnozenja u hrvatskom obrazovnom sustavu.

Budu¢i je poducavanje socio-kulturalni fenomen, kako bi ga se opisalo,
potrebno je iskoraciti iz danog kulturalnog okvira, jer tek tada mozemo uociti neke
njegove atribute koji se iznutra ¢ine ociglednima.

Zbog toga smo usporedili tretman pocetnog ucenja mnoZzenja, ukljucujuci
tablicu mnozenja, u udzbenicima iz Hrvatske i Singapura. U analizi udzbenika
koristili smo prilagodeni okvir Charalambous, Delaney, Hsu i Mesa (2010) koji na
udzbenik gleda kao na okruzenje za konstrukciju znanja o pojedinom matematickom

konceptu.

Kljucne rijeci: matematicki udzbenici, analiza formiranja koncepta, po¢etno

mnozenje
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Catenary

Tarik Bazdali¢! and Maid Omerovic?

! Gymnasium ,,Muhsin Rizvi¢* Kakanj, Bosnia and Herzegovina
2Faculty od Education, University of Travnik, Bosnia and Herzegovina

Abstract. By examining the basic assumptions in the static calculations of some
constructions, we conclude that on the basis of the optimum choice of carriers, such
constructive systems emerge that have assumed the appearance of graphic functions
that were later pronounced in the mathematical analysis as basic functions. A
characteristic example of this claim is a static constructive catenary type system. In
the theory of the construction of a statically determined carrier, it has been shown
that the structural system of the catenary type (or a type of a thread suspended from
two points) has in fact a graph of the hyperbolic function: y = ch x.

This type of construction is most often used in bridge construction when
bridging wide rivers, narrow bays and seas. Although the constructional catenary
type system used in engineering is very complex and shift constructions use state-of-
the-art construction techniques, it was used in the tribal community when deep
valleys and canyons were to be bridged. This is best exemplified by the American
Indians who made ropes of plants and animal origin ropes, and then from these ropes
and wooden beams they made hanging constructions over deep and narrow valleys

and river canyons.

Keywords: catenary, load, axial forces, supple thread, static balance
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Lancéanica

Tarik Bazdali¢! i Maid Omerovié?

! Gimnazija ,,Muhsin Rizvi¢“ Kakanj, Bosna i Hercegovina
2 Edukacijski fakultet- Univerzitet Travnik, Bosna i Hercegovina

Sazetak. Ispitivanjem osnovnih pretpostavki u statiCkim prorac¢unima nekih
konstrukcija zaklju¢ujemo da se na temelju optimalnog izbora nosaca pojavljuju
takvi konstruktivni sistemi koji su pretpostavili pojavu grafickih funkcija koje su
kasnije matematicki analizirane kao osnovne funkcije. Karakteristicni primjer ove
tvrdnje je stati¢ki konstruktivni tip sistema lancanice. U teoriji konstrukcije static¢ki
odredenog nosaca, pokazalo se da konstrukcijski sistem tipa lancanice (ili vrsta niti
koja je objeSena na dvije tacke) zapravo ima graf hiperboli¢ke funkcije: y = ch Xx.

Ova vrsta gradnje najcesce se koristi u izgradnji mostova pri premoscéivanju
sirokih rijeka, uskih uvala i mora. Iako je konstrukcija sistema tipa lan¢anice koja se
koristi u inzenjerstvu vrlo slozena, a konstrukcije pomaka koriste najsavremenije
tehnike gradnje, koristile su se u plemenskoj zajednici kada je trebalo premostiti
duboke doline 1 kanjone. O tome najbolje svjedoce americki Indijanci koji su
napravili konopce od biljaka 1 uzad zivotinjskog porijekla, a zatim su iz tih uzadi 1
drvenih greda izradivali vise¢e konstrukcije preko dubokih 1 uskih dolina 1 rije¢nih
kanjona.

Kljucne rijeci: lancanica, opterecenje, aksijalne sile, elasti¢na nit, staticka

ravnoteza
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From “calculation in mind” till “mental calculation”

Maja Cindri¢?, Irena Misurac Zorica? and Josipa Juri¢?

! Department of Teacher and Preschool Teacher Education, University of Zadar, Croatia
2 Faculty of Philosophy, University of Split, Croatia

Abstract. Through the history of mathematics teaching in the territory of
Croatia, there have been many changes, one of them being linked to the approach,
attitudes and even the very name of what we call today mental calculation. Mental
calculation bridge of conceptual and procedural mathematical knowledge and derives
from activities at the very beginning of mathematics learning. Depending on the time
and needs of society and the economy, consequences of certain educational reforms
and quantitative indicators at the regional and global level attitudes toward mental
calculation as part of math teaching have changed. Attitudes are often equated with
the use of algorithms in written calculations, which is marginalized within
mathematics teaching, either because of the over-utilized use of procedural methods
of a written calculation, or because of the emphasis on problem solving mathematical
tasks for the development of conceptual knowledge.

This paper will give a historical overview of the approach to a mental
calculation by analyzing mostly textbooks for teaching mathematics in the territory

of today Republic of Croatia as well as the term used for these purposes.

Keywords: mental calculation, calculation in mind, oral calculation
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Od “racuna napamet” do “misaonog racunanja”

Maja Cindri¢?, Irena MiSurac Zorica? i Josipa Juri¢?

1 Odjel za izobrazbu ugitelja i odgojitelja Sveucilista u Zadru, Hrvatska
2 Filozofski fakultet u Splitu, Sveuciliste u Splitu, Hrvatska

Sazetak. Kroz povijest nastave matematike na podrucju Hrvatske dolazilo je
do mnogih promjena, a jedna od njih veze se i za pristup, stavove, pa i sam naziv
onoga Sto danas zovemo misaonim racunom. Misaono racunanje spona je
konceptualnog 1 proceduralnog matematickog znanja, a potjeCe od aktivnosti u
samim pocetcima ucenja matematike. Ovisno o vremenu i potrebama drustva i
gospodarstva, posljedicama odredenih odgojno obrazovnih reformi i kvantitativnim
pokazateljima na regionalnoj i globalnoj razini mijenjali su se stavovi prema potrebi
racunanja kao dijelu nastave matematike. Stavovi su Cesto izjednacavali primjenu
algoritama u racunanju s misaonim rac¢unom, koji je u okviru nastave matematike
marginaliziran, bilo zbog prenaglasene upotrebe proceduralnih metoda pisanog
raCuna, bilo zbog nastojanja da se za razvoj konceptualnog znanja naglasak stavi na
problemske matematicke zadatke.

Ovaj rad ¢e dati povijesni pregled pristupu misaonom racunu analizom
ve¢inom udzbenicke literature za nastavu matematike na teritoriju danaSnje

Republike Hrvatske, kao i nazivlju koji je koristen u te svrhe.

Kljucne rijeci: raun napamet, usmeni racun, misaoni raun, mentalni

racun,aritmetika
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Mathematical problem solving in practice

Edith Debrenti and Balazs Vértessy?

Faculty of Economics and Social Sciences, Partium Christian University, Oradea, Romania
2Institute of Mathematics, University of Debrecen, Hungary

Abstract. In elementary education, in the course of solving word problems, we
can use multiple methodologies like visualization, fake perception, reversed way
(backward induction), comprehension, elimination, evaluation, integration and scale
method.

We have a problem, if there is a goal, a task to be solved, but we do not know
the way to achieve it, we are facing an obstacle. The way to overcome the obstacle
is the problem solving process. The search for and elaboration of the solution is called
problem solving. Problem solving thinking is influenced by several factors:
precognition, strategies, metacognitive skills, conviction, attitudes as well as self -
management.

Problem solving depends on how you manage to mobilize your existing
knowledge, the ability to engage in active analysis, the reflectiveness and the creative
attitude.

We surveyed 4" graders (10 years old pupils) and student teachers with a test
in which we collected exercises which can be solved with different methodologies.
It is an exploratory study, with participants from two countries: Hungary and
Romania. We were investigating the participants’ flexible thinking, the knowledge
and diversity of their problem solving skills as well as their accuracy and the most

common problems which occurred in the test.

Keywords: knowledge, problem-solving skills, unusual problems, heuristics,

strategies
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Matematikai problémamegoldas a gyakorlatban

Edith Debrenti! és Balazs Vértessy?

'Gazdasag és Tarsadalomtudomaényi Kar, Partiumi Keresztény Egyetem, Roménia
2Institute of Mathematics, University of Debrecen, Hungary

Kivonat. Az elemi oktatasban, a szoveges feladatok megoldasa soran tobbféle
modszert hasznalhatunk. Ilyenek az abrazolas modszere, a hamis feltevés modszere
(példaul az {ltetéses vagy fejes-labas feladatok), a forditott ut (visszafele
kovetkeztetés) modszere, az 6sszehasonlitas modszere, a kikiiszobolés modszere, a
behelyettesités modszere, az egységre valo visszavezetés és a mérlegelv modszere.

Problémardl akkor beszéliink, ha van egy cél, egy megoldand6 feladat, de nem
ismerjiik az elérésé¢hez vezetd utat, akadalyba {litkoziink. Az akadély lekiizdésének
utja a problémamegoldas folyamata, a megoldas keresését és kidolgozéasat nevezziik
problémamegoldasnak. A  problémamegold6 gondolkodast tobb tényezd
befolyasolja: elGismeret, stratégiak, metakognitiv képességek, meggy6z6dés,
beallitdodés, de szerepe van az Oniranyitasnak is. Egy probléma megoldasa attol fligg,
hogyan sikeriil a meglév$ ismereteket, az aktiv analizisre valo képességet, a
gondolkodast, az alkotd hozzaallast mozgositani. Kutatasunkban 4. osztalyos
tanulokat, valamint tanitoképzds hallgatokat mértiink fel egy teszt alkalmazéasaval,
melyben kiilonb6z6 modszerrel megoldhato feladatokat valogattunk ossze. A
véalaszokban a rugalmas gondolkodast, a megoldasi mddszerek ismeretét, azok
valtozatossagat, a pontossagot figyeltilk ¢és a leggyakrabban el6forduld hibakat
elemeztiik. Feltar6 vizsgéalatunkat két orszagban végeztiik el: Magyarorszagon €s

Romaniaban.

Kulcsszavak: ismeret, problémamegoldasi képességek, érdekes feladatok,

felfedézées, stratégiak
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Teaching with the use of ICT - how teachers
perceive their own knowledge?

Karolina Dobi Barisi¢

Faculty of Education, University of Osijek, Croatia

Abstract. The traditional educational system, operating on the basis of one-way
content transfer, does not enable the acquisition of competencies needed in the
contemporary society of rapid change and ruthless competition. Digital competence
is one of eight core competences highlighted by the Education Council of the
European Union and also represent the foundation of Croatian education policy. In
Croatia, the importance of new technologies integration into education and research
systems is highlighted in the Strategy of Education, Science and Technology,
adopted in 2014 (Ministarstvo znanosti, obrazovanja i sporta, 2014).

Theoretical framework Technological Pedagogical Content Knowledge
(TPACK) describes how teachers understand the interaction between educational
technology, pedagogical and content knowledge. This framework represents the
mutual influence of the teacher's understanding of educational technology,
pedagogical and content knowledge for the purpose of effective application of
educational technology in teaching. Survey of Preservice Teachers” Knowledge of
Teaching and Technology (SPTKTT) represents the self-assessment of knowledge
on the application of technology in teaching and was developed on the basis of the
TPACK framework.

Two hypotheses are considered in this research: (H1) There is a difference in
the Croatian teachers’ self-perception of knowledge on the use of ICT in teaching in
relation to pedagogical and content knowledge, (H2) Teachers, who perceive a higher
level of technological knowledge, than pedagogical and content knowledge, show
greater preparedness for successful integration of technology into education.

Research was conducted in 2015 among Croatian in-service teachers in

elementary schools on a sample of N = 266 teachers. Both hypothesis were
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confirmed. According to their self-evaluation, Croatian in-service teachers perceive
less knowledge about integration of ICT in teaching in relation to pedagogical and
content knowledge. Also, Croatian in-service teachers, that perceive higher level of
own technological knowledge, show greater readiness for effective ICT application

in teaching.

Keywords: ICT, digital competence, TPACK framework, education,
educational technology
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Poucavanje uz pomo¢ IKT-a — kako uditelji
dozivljavaju vlastito znanje?

Karolina Dobi Barisi¢

Fakultet za odgojne i obrazovne znanosti, Sveuciliste u Osijeku, Hrvatska

Sazetak. Tradicionalni obrazovni sustav, koji funkcionira na temelju
jednosmjernog prijenosa znanja, ne omogucuje stjecanje kompetencija potrebnih
suvremenom druStvu brzih promjena 1 nemilosrdnog natjecanja. Digitalna
kompetencija jedna je od osam temeljnih kompetencija istaknuta u obrazovnom
vije¢u Europske unije te takoder predstavlja temelj hrvatske obrazovne politike. U
Hrvatskoj je vaznost integracije novih tehnologija u sustav obrazovanja i istrazivanja
istaknuta u Strategiji obrazovanja, znanosti i tehnologije, usvojene 2014. godine
(Ministarstvo znanosti, obrazovanja i sporta, 2014).

Teorijski okvir Tehnolosko pedagosko sadrzajna znanja (TPACK) opisuje
kako bi nastavnici trebali razumjeti interakciju obrazovne tehnologije, pedagoskog i
sadrZajnog znanja. Ovaj okvir predstavlja uzajamni utjecaj uciteljevog razumijevanja
obrazovne tehnologije, pedagoskog i sadrzajnog znanja u svrhu u¢inkovite primjene
obrazovne tehnologije u nastavi. Survey of Pre-service Teachers' Knowledge of
Teaching and Technology (SPTKTT) predstavlja samoprocjenu vlastitih znanja o
primjeni tehnologije u nastavi i razvijen je na temelju TPACK teorijskog okvira.

U ovom istraZivanju se razmatraju dvije hipoteze: (H1) Postoji razlika u
samoprocjeni znanja hrvatskih uéitelja o koriStenju ICT-a u nastavi u odnosu na
pedagosko 1 sadrzajno znanje, (H2) Nastavnici, koji posjeduju visi stupanj
tehnoloskog znanja, od pedagoskog 1 sadrzajnog znanja, pokazuju vecu spremnost za
uspjesnu integraciju tehnologije u obrazovanje.

Istrazivanje je provedeno 2015. godine medu nastavnicima u osnovnim
Skolama na uzorku od N = 266 nastavnika. Obje hipoteze su potvrdene.
Samoprocjenom je utvrdeno da hrvatski ucitelji posjeduju slabija znanja o integraciji

IKT-a unastavu u odnosu na pedagoska i sadrzajna znanja. Takoder, hrvatski ucitelji,
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koji posjeduju visu razinu vlastitog tehnoloSkog znanja, pokazuju vecu spremnost za

uc¢inkovitu primjenu IKT-a u nastavi.

Kljucne rijeci: KT, digitalna kompetencija, TPACK teorijski okvir,

obrazovanje, obrazovna tehnologija
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Mining students’ viewpoints about
programming in primary education

Ivana Purdevi¢ Babi¢ and Dajana Saboli¢

Faculty of Education, University of Osijek, Croatia

Abstract. Nowadays, it is desirable to acquire computer programming
competencies and knowledge in different fields of programming. It is well known
that someone’s viewpoints and attitudes affect their behavior. Therefore, many
researchers argue that the teachers’ attitudes have an effect on the students’
performance and interests (e.g. see Ualesi and Ward, 2018). It could especially
influence the teachers’ preparedness for lessons (Omolara, and Adebukola, 2015).
For that reason, it is important to take into account the opinion of teacher studies
students concerning computer programming. This paper tries to make an acceptable
classification model for distinguishing students who share the opinion that pupils
should be acquainted with basic programming concepts during lower grades of
primary education, from those students who do not share this opinion. The students’
viewpoints concerning the use of programming in primary education was examined
using the k-Nearest Neighbor (KNN) data mining method. It has effectively
categorized 77.77% students who support the introduction of basic programming
concepts at an early age, and 63.27% of those who do not. This model could be used
by students and their educators as a means for improving communication and for
encouraging discussions, but it could also be used as an indicator of whether

additional student education is needed.

Keywords: kNN, programming, primary school, data mining, students
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Rudarenje stavova studenata o
programiranju u osnovnom obrazovanju

Ivana Purdevi¢ Babi¢ i Dajana Saboli¢

Fakultet za odgojne i obrazovne znanosti, Sveuciliste u Osijeku, Hrvatska

Sazetak. U danasnje vrijeme pozeljno je ste¢i kompetencije te znanja iz
razli¢itih podrucja racunalnog programiranja. Dobro je poznato da necija stajalista i
stavovi utjeCu na njihovo ponaSanje. Stoga, mnogi istrazivaci tvrde da stavovi
nastavnika utjecu na uspjesSnost ucenika i1 njihov interes (npr. Vidi Ualesi 1 Ward,
2018.). Posebno, to bi moglo utjecati na pripremljenost nastavnika za nastavu
(Omolara i Adebukola, 2015). Iz tog razloga, vazno je uzeti u obzir razmisljanja
studenata uciteljskog studija o raCunalnom programiranju. Osvréuci se na stavove
studenata o upotrebi programiranja u primarnom obrazovanju, koriste¢i metodu k-
najblizih susjeda (kNN) kao metodu rudarenja podataka, ovaj rad pokusava napraviti
prihvatljiv klasifikacijski model za razlikovanje studenata koji dijele misljenje da bi
ucenici trebali biti upoznati s osnovnim konceptima programiranja u ranoj dobi
primarnog obrazovanja, od onih studenata koji ne dijele to misljenje. Rezultati su
pokazali da je dobiveni kNN model ostvario Zeljeni cilj 1 u€inkovito kategorizirao
77.77% ucenika koji podrzavaju uvodenje osnovnih koncepata programiranja u ranoj
dobi i 63.27% onih koji ne dijele to misljenje. Ovaj model moze posluziti studentima
1 njihovim edukatorima kao sredstvo za poboljSanje komunikacije medu njima 1 za
poticanje rasprava, ali se moze koristiti i kao pokazatelj je li potrebno dodatno

obrazovanje studenata.

Kljucne rijeci: kNN, programiranje, osnovna Skola, rudarenje podatcima,

studenti
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Simple mathematical model of Cyber-Physical System

Vjekoslav Galzina! and Roberto Luji¢?

! Faculty of Education, University of Osijek, Croatia
2 Department of Industrial Engineering, Mechanical Engineering Faculty, University of Osijek,
Croatia

Abstract. The integration of networked computational (cyber) and hardware
elements (physical) into systems is an important current and future challenge. Cyber-
physical systems (CPS) are characterized by a strong union of hardware and software,
where software implanted devices interact with the physical environment by means
of sensors and actuators. Practical problems in governing such system is diversity of
realms: on the one hand, the physical world is described by and based on continuous
time dynamics, and on the other, hardware and software, both in computational and
communication realm, are based on strict causality and discrete time dynamics. In
this paper, a simple mathematical model is presented by using open-source hardware

and software to be able to capture all realms of the proposed CPS.

Keywords: Cyber-Physical Systems, CPS model, continuous dynamics,

discrete dynamics
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Jednostavni matematicki model
kiberneti¢ko-fizikalnog sustava

Vjekoslav Galzina! i Roberto Luji¢?
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2 Zavod za industrijsko inZenjerstvo, Strojarski fakultet u Slavonskom Brodu, Sveugiliste u
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Sazetak. Spajanje umrezenih softverskih (eng. Cyber) i hardverskih resursa
(eng. Physical) u integrirane sustave (eng. Systems) vazan je trenutni problem i
izazov buduénosti. CPS se odlikuje snaznom povezanos¢u hardvera i softvera, gdje
softverski ugradeni uredaji komuniciraju s fizickim okruzenjem pomocu senzora i
aktuatora. Prakti¢ni problemi u upravljanju takvim sustavom proizlaze iz razlicitosti:
s jedne strane imamo fizi¢ki svijet koji je zasnovan na kontinuiranoj vremenskoj
dinamici, a s druge strane digitalni hardver i softver, koji se kako u rac¢unskoj tako 1
u komunikacijskoj sferi, temelji se na strogoj uzroc¢nosti i diskretnoj vremenskoj
dinamici. U ovom radu prikazan je jednostavan matemati¢ki model s koristenjem
hardvera i softvera otvorenog koda kako bi se moglo obuhvatiti i integrirati sva

podrucja predlozenog CPS-a.

Kljucne rijeci: Kiberneticki-fizikalni sustav, CPS model, kontinuirana

dinamika, diskretna dinamika
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What types of knowledge do mathematics textbooks promote?

Amanda Glavas!, Azra Stas¢ik? and Ljerka Juki¢ Mati¢®

!Mechanical Engineering School Osijek, Croatia
2Elementary school Dobrisa Cesari¢ Osijek, Croatia
3Department of Mathematics, University of Osijek, Croatia

Abstract. This paper reports a study on the type of mathematical tasks and
their overall representation in mathematics textbooks. The aim of the study was to
investigate the ratio of tasks according to the main classification on procedural and
conceptual tasks according to the type of knowledge one accessed to obtain a
solution. The study provides further insight into the classification of each type of
tasks by categories established by the researcher according to Rittle — Johnson and
Schneider (2015) categorization. The study was conducted on two out of three
mathematics textbooks approved by the Ministry of Science and Education of
Republic of Croatia and covered two chapters from two different mathematics
domains. The findings showed that procedural tasks were vastly present in
investigated textbooks, unlike conceptual tasks. Based on these findings we argue for
an increase of conceptual tasks in mathematics textbooks. Our argument stems from
previous studies which advocate a balance of procedural and conceptual knowledge
in teaching and learning mathematics. Further, we find the results disappointing since
numerous studies show that textbooks play one of the main and almost central role
in teachers' lesson preparation, as well as in the selection of tasks used during

teaching phase and practicing phase of the lesson.

Keywords: procedural tasks, conceptual tasks, textbooks, teaching

mathematics, textbooks’ analysis
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Koju vrstu znanja promoviraju matematic¢ki udzbenici?

Amanda Glavag!, Azra Stas¢ik? i Ljerka Juki¢ Mati¢®

!Strojarska i tehnicka $kola Osijek, Hrvatska
2Osnovna $kola Dobriga Cesarié¢ Osijek, Hrvatska
®0djel za matematiku, Sveuciliste u Osijeku, Hrvatska

Sazetak. Ovaj rad donosi rezultate istrazivanja o vrsti matematickih zadataka
I njihovoj zastupljenosti u udzbenicima matematike. Cilj je istrazivanja bio ustanoviti
omjere zadataka prema jednoj od cCestih podjela: na proceduralne i konceptualne
zadatke. Rad takoder donosi uvid u dublju klasifikaciju svake od navedenih vrsta
zadataka, koju su autori osmislili prema klasifikaciji danoj u Rittle — Johnson i
Schneider (2015). Istrazivanje je koncentrirano na matematicke udzbenike za srednje
Skole s CetverogodiSnjim programom. Istrazivanje je provedeno na dva od tri
prihvac¢ena 1 odobrena udzbenika, od strane Ministarstva znanosti i obrazovanje
Republike Hrvatske, a pokrivena su dva razli¢ita matematicka podrucja.. Rezultati
pokazuju kako su proceduralni zadatci u udzbenicima uvelike zastupljeni, za razliku
od konceptualnih zadataka. Vodeci se dobivenim rezultatima, zagovaramo povecanje
konceptualnih zadataka u matematickim udZbenicima. Nas zakljucak proizlazi iz
ranijih istrazivanja koja pokazuju kako velika vrijednost lezi u podjednakom
poucavanju proceduralnog i konceptualnog znanja. Rezultate proizasle iz ovog
istrazivanja smatramo jo$ nepovoljnijima jer mnoga istrazivanja pokazuju kako su
udZbenici jedan od glavnih elemenata koji utjeCu na pripremu nastave nastavnika,

kao 1 na izbor zadataka koji ¢e se koristiti za ucenje i vjezbanje.

Kljucne rijeci: proceduralni zadatci, konceptualni zadatci, udzbenici,

poucavanje matematike, analiza udzbenika
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Primary school teachers’ (mis)understandings
of equality and the equals sign

Zeljko Gregorovi¢ and Ana Kataleni¢

Faculty of Education, University of Osijek, Croatia

Abstract. The relation "being equal to” and the equals sign are integral part of
mathematics curriculum from the first years of education. However, research showed
that students maintain misconceptions about equality and equals sign throughout
their mathematics education. By examining mathematics textbooks for primary
education (pupils of age 7—10) poorly designed tasks, mathematical inconsistencies,
wrong labelling and other methodological omission can be found. In this paper we
will present a textbook task with content contradictory to the notion of equality. We
examined how in-service primary school teachers (N=51, between one and 34 years
of experience) and university students, who are prospective primary school teachers
(N=340), approached this task. Almost all participants in our survey interpreted the
equals sign as “perform calculation from left to right”. They mainly commented about
the nature and structure of the task and rarely about the mathematical content of the
task. In this paper we will present their judgments, experiences and observations
related to the task. Observing that majority of prospective teachers showed
misconception of equality we must consider addressing this issue through textbook

revision, and both pre-service and in-service teacher education.

Keywords: equals sign, equality, mathematics textbook, primary school

mathematics, mathematics teacher, teacher education
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(Ne)razumijevanje jednakosti i znaka jednakosti
kod ucitelja razredne nastave

Zeljko Gregorovi¢ i Ana Kataleni¢

Fakultet za odgojne i obrazovne znanosti, Sveuciliste u Osijeku, Hrvatska

Sazetak. Relacija “biti jednak” i znak jednakosti sastavni je dio kurikuluma
predmeta matematike od pocetka obrazovanja. Medutim, istrazivanja su pokazala da
ucenici zadrzavaju zablude o jednakosti i znaku jednakosti tijekom njihovog
matematickog obrazovanja. Pregledavanjem udzbenika iz matematike za razrednu
nastavu (ucenici starosti 7-10 godina) mogu se pronaci loSe osmisljeni zadaci,
matemati¢ke nedosljednosti, pogresno oznacavanje i drugi metodicki propusti. U
ovom ¢emo radu predstaviti zadatak iz udzbenika sa sadrzajem koji je u suprotnosti
s konceptom jednakosti. Ispitali smo kako su ucitelji razredne nastave (N = 51,
izmedu jedne i 34 godine radnog iskustva) i studenti, koji su buduéi ucitelji razredne
nastave (N = 340), pristupili tom zadatku. Gotovo su svi sudionici u nasem
istrazivanju protumacili znak jednakosti kao "izvr$i izracun s lijeva na desno".
Uglavnom su komentirali prirodu i strukturu zadatka, a rijetko matematicki sadrzaj.
U ovom ¢emo radu predstaviti njihove prosudbe, iskustva i zapaZanja vezana uz
zadatak. Primjecujuéi da je vecina buducih ucitelja pokazala pogresnu predodzbu o
jednakosti, moramo razmotriti rjeSavanje ovog pitanja kroz reviziju udzbenika, ali 1
kroz obrazovanje buducih ucitelja te stru¢no i metodi¢ko usavrSavanje ucitelja u
praksi.

Kljucne rijeci: znak jednakosti, jednakost, udzbenik iz matematike,

osnovnos§kolska matematika, u€itelj matematike, obrazovanje ucitelja
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Investigating adaptive reasoning and strategic competence in
Croatian mathematics education:
The example of quadratic function

Matea Gusié

Faculty of Teacher Education, University of Zagreb, Croatia

Abstract. Since the 1980s many mathematics educators have emphasized that
being able to use computational procedures accurately and quickly, or reproduce
large quantities of knowledge, isn’t sufficient for students to be mathematically
proficient. The development of students’ reasoning and problem-solving skills, as
well as the ability to connect and communicate mathematical ideas came into focus.
One of the frameworks which considers a more comprehensive approach to
mathematics learning is mathematical proficiency by Kilpatrick, Swafford and
Findell. Mathematical proficiency proposes five equally important and mutually
interdependent strands. This paper aims to investigate two of the strands: adaptive
reasoning and strategic competence in Croatian mathematics education regarding
quadratic functions. The objective is to gain insight into curriculum requirements and
students’ skills, explore indicators of adaptive reasoning and strategic competence
and thus reach a deeper understanding of the situation. One of the most commonly
used textbooks in high school mathematics in Croatia has been analysed with the
purpose of determining the extent and the nature to which textbooks enable
opportunities for the development of these strands regarding quadratic functions. A
case study with three second-grade gymnasium students was conducted to gain
insight into the adaptive reasoning and strategic competence skills activated while

solving quadratic function tasks.

Keywords: mathematical proficiency, adaptive reasoning, strategic

competence, quadratic function, textbook analysis, case study
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Istrazivanje prilagodljivog rasudivanja i strateskih
kompetencija u hrvatskom matematickom obrazovanju:
Primjer kvadratne funkcije

Matea Gusié

Uciteljski fakultet, Sveuciliste u Zagrebu, Zagreb, Hrvatska

Sazetak. Od osamdesetih godina 20. stoljeca isti¢e se da brzo i1 tocno izvodenje
procedura te reprodukcija velikih koli¢ina podataka, nisu dovoljni za razvoj
matemati¢ki kompetentnog ucenika. Naglasak se prebacuje na razvoj rasudivanja,
vjeStine rjeSavanja matematickih problema te sposobnost povezivanja i
komuniciranja matematickih ideja. Primjer teoretskog okvira koji razmatra cjeloviti
pristup nastavi matematike, naziva ,,matematicke kompetencije* (Mathematical
proficiency), ponudili su Kilpatrick, Swafford i Findell. Navedeni okvir predlaze pet
jednako vaznih i medusobno povezanih dimenzija. Ovaj rad prikazuje istrazivanje
dviju dimenzija okvira, prilagodljivo rasudivanje i stratesSke kompetencije u ucenju i
poucavanju sadrzaja iz kvadratnih funkcija u Republici Hrvatskoj. Cilj istraZivanja
je dobivanje predodzbe u indikatore 1 razvijenost vjestina prilagodljivog rasudivanja
1 strateSkih kompetencija. Analizom jednog od najzastupljenijih matematickih
udzbenika za op¢e gimnazije dobiven je uvid u kurikularne zahtjeve u vidu opsega 1
vrste zadataka koji potencijalno promoviraju istrazivane dimenzije. Studija slucaja,
u kojoj su sudjelovale tri ucenice drugog razreda opce gimnazijskog programa,
omogucila je uvid u aktivaciju vjesStina prilagodljivog rasudivanja 1 strateskih

kompetencija prilikom rjeSavanja zadatka iz kvadratne funkcije.

Kljucne rijeci: matematicke kompetencije, prilagodljivo rasudivanje, strateSke

kompetencije, kvadratna funkcija, analiza udzbenika, studija slucaja
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Poincaré’s model of hyperbolic geometry

Anes Z. Hadziomerovi¢! and Amila Osmi¢?

! Second Gymnasium Mostar, Bosnia and Herzegovina
2 Construction and Geodesy school of Tuzla, Bosnia and Herzegovina

Abstract. As a discipline, geometry has a long and rich history. Since as early
as the ancient civilizations, e.g., for the sake of measuring the soil, it has developed
as inductive science to take the important role in science today within the field of
mathematics.

The great turning point and one of the most influential achievements of the
nineteenth century is the discovery of non-Euclidean geometry. Carl Friedrich Gauss
found the possibility of existence of non-Euclidean geometry. Hyperbolic geometry
found acceptance with the work of mathematicians I. N. Lobachevsky and J. Bolay.
There are many possible models for hyperbolic geometry. In this presentation, we

are going to describe Poincaré’s model of hyperbolic geometry.

Keywords: non-Euclidean geometry, hyperbolic geometry, Poincare’s disk

model of hyperbolic geometry
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Poincaréov model hiperboli¢ke geometrije

Anes Z. Hadziomerovié¢! i Amila Osmié?

! Druga Gimnazija Mostar, Bosna i Hercegovina
2 Gradevinsko geodetska Skola Tuzla, Bosna i Hercegovina

Sazetak. Geometrija ima dugu i bogatu povijest. Jo$ od drevnih civilizacija,
npr. radi mjerenja tla, razvila se kao znanost koja danas ima vaznu ulogu u podrucju
matematike.

Velika prekretnica i jedno od najutjecajnijih dostignuca devetnaestog stoljeca
je otkri¢e necuklidske geometrije. Carl Friedrich Gauss je doSao do spoznaje o
moguénosti postojanja neeuklidske geometrije. Hiperbolicka geometrija bila je
prihvacena radovima matematicara I. N. Lobacevskog i1 J. Bolaya. Postoji mnogo
mogu¢ih modela za hiperbolicku geometriju. U ovoj prezentaciji opisat ¢emo
Poincaréov model hiperbolicke geometrije.

Kljucne rijeci: neeuklidska geometrija, hiperbolicka geometrija, Poincaréov

model hiperbolicke geometrije
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Generating question for Moodle base

Marija Jaku$ and Lucija Zignié¢

Faculty of organization and informatics, University of Zagreb, Varazdin, Croatia

Abstract. Nowadays, the use of an LMS (learning management system) called
Moodle is widespread. An LMS is in general a software application for
administration, documentation, tracking, reporting and delivery of educational
courses, training programs, or learning and development programs. At the Faculty of
Organization and Informatics Varazdin, University of Zagreb, Moodle is also used
to support the educational process.

On the course Mathematics 1, Moodle is used as a repository of presentations
and documents, and for communication with students. There are also some activities
on the course that are organized through Moodle. These are quizzes, whose results
are used to generate student’s final grade. Quizzes are individual for each student and
generated randomly from a Moodle question bank. Question repetition frequency
depends on the number of questions in the bank.

Questions can be added to the question bank by writing them directly into
Moodle or they can be imported to the system from an external source. However, it
takes time to write questions one by one. Luckily, some types of mathematics
questions, whose answers can be calculated, can be generated in some programming
language and imported into Moodle. In that way, the Moodle question bank can be
easily expanded.

The aim of this article is to present how some types of questions can be

generated by programming, and then included in Moodle.

Keywords: Moodle, mathematics question, programming, python, generating
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Generiranje baze pitanja za Moodle

Marija Jakus i Lucija Zigni¢

Fakultet organizacije i informatike, Sveuciliste u Zagrebu, Varazdin, Hrvatska

Sazetak. Danas svjedo¢imo sve vecoj upotrebi LMS (learning management
system) sustava Moodle, sustava za upravljanje ucenjem. LMS, opcenito, je
softverska aplikacija za podrsku obrazovnim tecajevima, programima obuke, ucenja
1 razvoja, koja omogucuje dostupnost, administriranje, dokumentiranje, pracenje i
izvjestavanje. Moodle se koristi i na Fakultetu organizacije i informatike Varazdin,
sastavnici Sveucili$ta u Zagrebu, kao podrska procesu ucenja.

Na predmetu “Matematika 1”, Moodle se koristi kao repozitorij nastavnih
materijala te u komunikaciji sa studentima. U sustav su uklju¢ene in neke aktivnosti
studenata na predmetu koje doprinose zavr$nim ishodima. To su izmedu ostalog
testovi, ¢ije se vrednovanje koristi u odredivanju ocjene koju student dobiva iz
predmeta na kraju semestra.

Testovi se generiraju za svakog studenta posebno tako da se iz baze pitanja
nasumic¢no odabere odredeni broj pitanja. Frekvencija pojavljivanja odredenog
pitanja ovisi o broju pitanja koja se nalaze u bazi pitanja.

Kako bi oformili bazu, pitanja se mogu dodavati direktno pisanjem u sustav ili
se mogu uvesti iz vanjskog izvora. Povecavanje baze, piSuci jedno po jedno pitanje,
zahtijeva mnogo vremena. SreCom, odredena vrsta matematickih pitanja, €iji se
odgovori i rezultati mogu odrediti ili izracunati ra¢unalom, moze se generirati u
nekom programskom jeziku te dodati u Moodle. Tako se baza pitanja moze lako
povecati.

Cilj ovog izlaganja je prikazati kako se odredena vrsta pitanja moze

programiranjem generirati i ukljuciti u sustav.

Kljucne rijeci: Moodle, pitanja iz matematike, programiranje, python,

generiranje
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The influence of teacher guides on classroom practice

Ljerka Juki¢ Mati¢! and Dubravka Glasnovi¢ Gracin?

! Department of Mathematics, University of Osijek, Croatia
2 Faculty of Teacher Education, University of Zagreb, Croatia

Abstract. Textbooks and the accompanying teacher guides are recognized as
important and influential resources in mathematics education. Teachers rely heavily
on the textbook for planning and enacting their lessons: they prepare lessons
according to the textbook structure, teach new content according to the textbook, and
use the textbook as a source of practice exercises and homework. This study focuses
on the role of teacher guides in teacher’s classroom practice and their influence on
the textbook use. The study also focused on the issue about how teachers change the
utilization of textbooks in the classroom when the teacher guides undergo changes in
their content and structure. Although the results showed relative stability of teaching
practice, we detected an educative impact of teacher guides because their content

influenced the use of active teaching methods in the classroom.

Keywords: classroom practice, longitudinal study, teacher, textbook, teacher

guide
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Utjecaj prirucnika za ucitelje matematike na nastavu
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Ljerka Juki¢ Mati¢! and Dubravka Glasnovi¢ Gracin?

! Odjel za Matematiku, Sveuciliste u Osijeku, Hrvatska
2 Uciteljski fakultet, Sveuciliste u Zagrebu, Hrvatska

Sazetak. Udzbenici 1 pripadni prirucnici za ucitelje prepoznati su kao vazni i
utjecajni resursi u nastavi matematike. UCcitelji se u velikoj mjeri oslanjaju na
udzbenik prilikom planiranja, ali i samog izvodenje nastave: osmisSljavaju nastavu
prema strukturi udzbenika, poducavaju nove sadrzaje prema udzbeniku i koriste
udzbenik kao izvor za vjezbanje i zadavanje domace zadace. Ova studija istrazuje
kakvu ulogu ima priru¢nik za nastavu matematike u nastavnoj praksi ucitelja i kako
priruc¢nik utjece na samo koristenje udzbenika. Studija takoder istrazuje kakav odnos
imaju ucitelji s udzbenikom ako se priru¢nik promijenio u svom sadrzaju i strukturi.
lako su rezultati studije pokazali relativnu stabilnost nastavne prakse, otkrili smo da
postoji edukativni utjecaj prirucnika na ucitelje; naime prirucnik je potaknuo

koriStenje aktivnih nastavnih metoda u ucionici.

Kljucne rijeci: nastavna praksa, longitudinalna studija, ucitelj, udzbenik,

priru¢nik za nastavu matematike

40



The 7t International Scientific Colloqguium MATHEMATICS AND CHILDREN 2019

Student competence for solving logical tasks

Josipa Juri¢!, Irena Misurac Zorica! and Maja Cindri¢?

! Faculty of Philosophy, University of Split, Croatia
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Abstract. Logical tasks do not require a great knowledge of math, but only
require knowledge of basic concepts and logical considerations and conclusions. By
inspecting math textbooks for primary and secondary schools we have noticed a
considerably small number of them. Even when we did find such a task, it was
conceptually or procedurally connected with the contents of the current learning. In
order to find out whether the formal mathematical education is preparing students for
solving of this kind of problems we have offered them five tasks. Surprisingly, we
have discovered relatively small differences in the success of the primary and
secondary schools, which indicates that the factual formal education does not
contribute to the development of this skill. The analysis of some tasks has shown
some surprising results such as, for example, that some of the early primary schools

are more successful than older students.

Keywords: problem solving tasks, primary school, secondary school, formal

mathematical education, logical conclusion
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! Filozofski fakultet u Splitu, Sveugiliste u Splitu, Hrvatska
2 Odjel za izobrazbu ugitelja i odgojitelja Sveucilista u Zadru, Hrvatska

Sazetak. Logickim zadatcima zovemo zadatke za c¢ije rjeSavanje nisu
potrebna velika matemati¢ka znanja ve¢ traze samo poznavanje osnovnih pojmova i
logickog promisljanja i zaklju¢ivanja. Uvidom u udzbenike matematike za osnovne
i srednje §kole uogili smo zanemarivo mali broj takvih zadataka. Cak i kad se pronade
neki logicki zadatak on je konceptualno ili proceduralno vezan uz sadrzaj trenutnog
ucenja. Kako bi zakljucili priprema li formalno matematicko obrazovanje ucenike za
rjeSavanje ove vrste zadataka odabrali smo ih pet takvih Zivotnog konteksta koje smo
ponudili u€enicima od drugog razreda osnovne Skole do Cetvrtog razreda srednje
Skole. Iznenadile su nas relativno male razlike u uspjesnosti rjesavanja u dobnim
skupinama ucenika razredne i predmetne nastave u osnovnoj skoli te srednjoskolaca
Sto ukazuje na Cinjenicu da formalno obrazovanje nikako ne pridonosi dovoljno
razvoju ove vjeStine. Analiza pojedinih zadataka pokazala je neke iznenadujuce
rezultate kao na primjer da je u nekim zadatcima razredna nastava uspjesnija od

ucenika zrelije dobi.

Kljucne rijeci: logicki zadatci, razredna nastava, predmetna nastava, srednja

Skola, formalno matematicko obrazovanje, logi¢ko zaklju¢ivanje
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Pre-service teachers' prior knowledge related to measurement

Zdenka Kolar-Begovi¢'?, Ruzica Kolar-Super?, Ivana Purdevi¢ Babi¢? and
Diana Moslavac Bi¢vi¢?

! Department of Mathematics, University of Osijek, Croatia
2 Faculty of Education, University of Osijek, Croatia

Abstract. It is of great importance to use mathematical knowledge to solve real
problems. Certainly one of the fields of mathematics that plays a major role here is
geometry. This paper examines prior knowledge of pre-service teachers in relation
to the concept of measurement. Basic knowledge in this field is necessary for a
student educated to teach mathematics in the first four grades of primary school as
this content is part of the mathematics curriculum for the given period. The
participants of the study were first-year pre-service teachers, i.e., a total of 103. The
paper focuses on analyzing students’ responses to questions referring to
measurement. Research results indicate that there are deficiencies in the knowledge
of this field, which points to the need for additional increased attention to this concept
in the courses offered to students in their studies, thus contributing to increasing the

level of knowledge in this field.

Keywords: geometry, measurement, measurement units, pre-service teacher,

mathematical concepts
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Predznanje studenata uciteljskog studija
vezano uz koncept mjerenja
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1Odjel za matematiku, Sveuciliste u Osijeku, Hrvatska
2Fakultet za odgojne i obrazovne znanosti, SveuciliSte u Osijeku, Hrvatska

Sazetak. Velika je vaznost koriStenja matematickog znanja u rjeSavanju realnih
problema. Svakako jedno od podru¢ja matematike koje u tome igra veliku ulogu je
podrucje geometrije. U ovom c¢lanku istraZzuje se predznanje studenata uciteljskog
studija vezano uz koncept mjerenja. Osnovna znanja iz ovog podruc¢ja nuzna su za
kadar koji se obrazuje za pouc¢avanje matematike u prva Cetiri razreda osnovne $kole
s obzirom na zastupljenost ovih sadrzaja u programu matematike za navedeno
razdoblje. Sudionici istrazivanja su studenti prve godine uciteljskog studija, njih 103.
Rad je usmjeren na analizu odgovora studenata na pitanja iz domene mijerenja.
Rezultati istrazivanja upuéuju na to da postoje manjkavosti u predznanju iz ovog
podrugja, $to upuéuje na potrebu dodatnog posvecéivanja paznje ovom konceptu na
kolegijima koji se studentima nude na studiju, ¢ime bi se doprinijelo povecanju razine

znanja iz ovog podrucja.

Kljucne rijeci: geometrija, mjerenje, mjerne jedinice, studenti uciteljskog

studija, matematicke domene
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Informatics and Descriptive Geometry, University of Zagreb, Croatia

Abstract. One of the most important roles of education is to improve the
ability to solve real-life problems. Since a rigid transformation of rotation is one such
example in a number of geological situations where structural lines and planes have
been rotated from some initial spatial orientation, the notion of rotation takes an
important place in the education of geologists. The paper presents the author’s
teaching experience in developing the concept of rotation as one of the basic
geometry concepts within two undergraduate geometry courses in the field of
technical sciences at the University of Zagreb.

Combining the principles of classical geometrical representation methods
supported by new media, both courses extensively tend to use mental geometry to
help students solve many geometry problems that arise from field observations. The
aim of the paper is twofold. On the one hand, it presents typical problems that
teachers encounter in the teaching of geometry, along with some concrete examples
that suggest how problems can be successfully solved by following the latest
methodological achievements in modern geometry education supported by mental
geometry. On the other hand, the author intends to draw attention to difficulties in
the teaching of some simple geometry concepts that are possibly caused by lack of
operational knowledge of geometry of students in the field of technical sciences in

Croatia.

Keywords: teaching geometry, mental geometry, spatial geometry, rotation,

conceptual knowledge
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KoriStenje mentalne geometrije u razvijanju
geometrijskog koncepta rotacije

Nikolina Kovacevié

Rudarsko-geolosko-naftni fakultet, Zavod za matematiku, informatiku i nacrtnu geometriju,
Sveuciliste u Zagrebu, Hrvatska

Sazetak. Jedna od najvaznijih uloga obrazovanja je poboljSati sposobnosti
rjeSavanja stvarnih problema. Kako je kruta transformacija rotacije jedan takav
primjer u brojnim geoloskim situacijama gdje se primarne strukture pravaca i ravnina
rotiraju iz nekog inicijalnog prostornog polozaja, pojam rotacije zauzima istaknuto
mjesto u obrazovanju studenata preddiplomskog studija geoloSkog inZenjerstva. Rad
predstavlja nastavnicko iskustvo u razvijanju koncepta rotacije, jednog od temeljnih
geometrijskih koncepata, u okviru dva geometrijska kolegija na preddiplomskoj
sveucili$noj razini studija iz podrucja tehni¢kih znanosti na Sveucilistu u Zagrebu.

Kombinirajuéi principe klasiéne geometrijske metode reprezentacije
potpomognute upotrebom novih medija, oba kolegija u velikoj mijeri Kkoriste
mentalnu geometriju kako bi pomogla studentima u rjeSavanju geometrijskih
problema koji proizlaze iz promatranja na terenu. Namjera ovog rada je dvojaka. S
jedne strane, prikazani su tipicni problemi s kojima se susrecu nastavnici pri
poucavanju geometrijskih sadrzaja, kao 1 neki konkretni primjeri koji upuéuju na to
kako se problemi mogu uspjesno rijesiti sljede¢i najnovija metodoloska dostignuca
u suvremenoj metodici nastave matematike kroz primjenu mentalne geometrije. S
druge strane, autor namjerava skrenuti pozornost na poteskoce u poduc¢avanju nekih
jednostavnih geometrijskih koncepata koje su vjerojatno uzrokovane nedovoljnom

razinom operativnog znanja studenata iz podrucja tehnic¢kih znanosti u Hrvatskoj.

Kljucne rijeci: poutavanje geometrije, mentalna geometrija, geometrija prostora,
rotacija, konceptualno znanje
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How do novices and experts approach an open problem?

Zoltan Kovacs! and Eszter Konya?

L Institute for Mathematics and Computer Science, University of Nyiregyhaza, Hungary
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Abstract. There are well-known differences between problem solving
competencies of novices and experts. It is also known from the literature that
students, regardless of age, typically give the expected answer, ignoring the openness
of the problem. In our study, we use a problem that is open at the starting point
nevertheless it has closed solution. We analyze how experts and novices manage the
openness of an elementary problem based on a survey prepared for 7th and 8th
graders.

Keywords: open problem, realistic reaction, novice and expert problem solver

47



The 7t International Scientific Colloquium MATHEMATICS AND CHILDREN 2019

Hogyan kozelitenek meg egy nyitott
problémat a kezdok és a szakértok?
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2 Debreceni Egyetem, Matematika Intézet, Debrecen, Hungary

Absztrakt. A kezddk és a szakérték problémamegoldd kompetenciai kozott jol
ismertek a kiilonbségek. Az irodalombdl is ismert, hogy a tanulok az életkortol
fliggetleniil jellemzden az elvart valaszt adjak, figyelmen kiviil hagyva a probléma
nyitottsagat. Vizsgalatunkban egy olyan problémat tliztiink ki, amely a kiindulési
ponton nyitott, de zart megoldasa van. Elemezziik, hogy 7. és 8. osztalyos, kezdonek,

illetve szakértonek szamito tanulok hogyan reagalnak a probléma nyitottsagara.

Kulcsszavak: nyitott problémak, realisztikus reakcio, kezd6 és szakértd
problémamegoldd
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Herzegovina

Abstract. Regardless of the fact that people are born with an innate sense of
numbers, mathematical thinking requires a certain intellectual effort for which many
children are not ready. While children investigate and discover new issues in
everyday life, they meet the world of mathematics although they are not aware of it.
Although mathematics is becoming more and more important today in the of
advanced technology, it is very important that children are introduced to the spells of
mathematics before they start attending school, and to continue to learn mathematics
with that knowledge throughout their education. Just like reading, mathematics is a
subject necessary for adequate functioning in society. Moreover, mathematics is a
subject that develops logical thinking and perception, thus mathematical teaching of
children ought to be placed on a more accessible level than it is currently. Parents
and educators have access to various games and activities that involve children into
mathematical thinking and creative resolving, which develops their self-confidence.

Through research conducted with both pre-school and primary school children
using various mathematical examples appropriate for their age, it has been found out
that the children of younger age have a sense of numbers and quantity, whereas

primary school children base their conclusion upon the “expected”.

Keywords: child, sense of numbers and quantity, mathematics, mathematics

through playing
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Matematicke sposobnosti djece predskolske dobi

Ljiljanka Kvesi¢ i Slavica Brki¢
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Hercegovina

Sazetak. Bez obzira na to Sto se radamo s urodenim osje¢ajem za broj,
matemati¢ko razmisljanje zahtjeva odredeni misaoni napor za koji mnoga djeca nisu
spremna. Dok djeca istrazuju i otkrivaju nove stvari u svakodnevnom zivotu, oni se
susrecu sa svijetom matematike iako toga nisu svjesni. Buduéi da matematika postaje
sve vaznija u danasnjem vremenu tehnologije, veoma je vazno da djeca, upoznaju
Cari matematike dok jo$ nisu krenula u Skolu i da s tim spoznajama nastave uciti
matematiku tijekom Skolskog obrazovanja. Kao i ¢itanje, matematicko znanje je
neophodno za adekvatno funkcioniranje u drustvu. Cak i vise od toga, matematika je
predmet koji razvija logi¢ko razmisljanje i percepciju, pa bi matemati¢ko poucavanje
djece trebalo biti na pristupacnijoj razini nego Sto trenutno jeste. Roditeljima i
odgajateljima dostupne su razne igre i aktivnosti koje ukljucuju djecu u matematicko
razmiSljanje 1 kreativno rjeSavanje ¢ime se razvija njihovo samopouzdanje.

U istraZivanju koje je provedeno s djecom predSkolske dobi i djecom
primarnog obrazovanja, na razli¢itim matematiC¢kim primjerima prikladnim za
njihovu dob, doslo se do spoznaje da djeca mladeg uzrasta imaju osjecaj za broj i

koli¢inu, dok djeca primarnog obrazovanja svoj zakljucak temelje na ,,o¢ekivanju®.

Kljucne rijeci: dijete, osjecaj za broj 1 koli¢inu, matematika, matematika kroz

igru
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at the higher education level

Josipa Matotek
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Abstract. An important part of teaching and learning process is evaluation of
students' knowledge. Often, evaluation of mathematical knowledge at university
level is carried out in two phases. The first phase is evaluation of task-solving ability
and the second phase is the evaluation of mathematical theoretical knowledge. Due
to an increase in the use of Information and Communication Technologies (ICT) in
teaching and learning processes, there are more and more examples of computer-
based assessments.

The paper presents the author’s years of experience in using computer-based
assessments since the author has been used them (in second phase of evaluation), in
Learning Management System named Moodle since 2011, within the course
Mathematics for Engineers 1 of the undergraduate professional study program at the
Faculty of Civil Engineering and Architecture, Osijek. The paper points out the
differences between paper-and-pencil and computer-based assessments, referring to
different approach to creating questions and ways of implementing the exam itself.
Additionally, it discusses the results of computer-based exams, and gather students'
overall impression of this type of assessment.

Finally, the aim of this paper is to highlight the advantages and disadvantages

of using computer-based assessments in mathematics at the higher education level.

Keywords: evaluation of knowledge, mathematics, computer-based

assessment, paper and pencil exam, higher education level
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Provjera znanja iz matematike na racunalu
na razini visokog obrazovanja

Josipa Matotek

Gradevinski i arhitektonski fakultet, Sveuciliste u Osijeku, Hrvatska

Sazetak. Bitan dio nastavnog procesa je i evaluacija znanja studenata. U
matematici na visokoskolskoj razini ¢esto se to vrednovanje provodi u dvije faze.
Prva faza je procjena znanja rjeSavanja zadataka, a druga faza je procjena teroretskog
znanja. Uslijed sve ve¢eg uvodenja informacijsko komunikacijskih tehnologija (IKT)
u skolski sustav na razli¢ite nacine, sve je vise primjera evaluacije znanja koristeci
racunala u svrhu testiranja znanja.

U ovom radu je opisano viSegodis$nje autorovo iskustvo u koristenju ra¢unala
u svrhu ispitivanja znanja. Autor je u sklopu svoje nastave iz kolegija Matematika za
inzenjere 1 na struénom studiju na Gradevinskom i arhitektonskom fakultetu koristio
testove (u ispitivanju teoretskog znanja) kreirane u sustavu za upravljanje u¢enjem,
Moodle-u, od 2011. godine. U radu ¢e biti opisane razlike izmedu klasi¢nih testova
(pisanih na papiru) i testova koji se provode na racunalima, pri tome misle¢i na bitno
razli¢ite nacine kreiranja pitanja i nafine provedbe samog ispita. Nadalje, bit ¢e
komentirani rezultati ispita dobiveni na ovakav nacin te prikazani utisci studenata o
ovakvom nacinu provodenja ispita.

Cilj rada je istaknuti prednosti i nedostatke koristenja ra¢unala u testovima iz

matematike na visokoskolskoj razini.

Kljucne rijeci: evaluacija znanja, matematika, testovi na racunalu, klasic¢an

ispit, razina visokog obrazovanja
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Redesigning a contextual textbook task with an
exponential-type function using a posteriori analysis of the
prospective mathematics teachers’ work

Zeljka Milin Sipus?, Aleksandra Cizmesija' and Ana Kataleni¢?

1 Faculty of Science, University of Zagreb, Croatia
2 Faculty of Education, University of Osijek, Croatia

Abstract. An exponential function is one of the elementary functions in
mathematical modelling and a common part of the upper secondary mathematics
curriculum. A horizontal asymptote is a prominent feature of an exponential function
graph. We have performed a comprehensive study within the Anthropological theory
of the didactics on asymptotes and asymptotic behaviour in the context of upper
secondary mathematics education in Croatia. Therein, we administered three
questionnaires with prospective mathematics teachers. One of the tasks from the
questionnaires was a priori designed to explore the role of an asymptote in graphing
and describing an exponential function. In this paper, we present results of an a
posteriori analysis of students' work on the modified contextual textbook task with
an exponential-type function. We discuss the affordances of the textbook versus
redesigned task and provide suggestions for task selection and design to promote

coherency and discourse in students’ available mathematical knowledge.

Keywords: Anthropological theory of the didactics, a posteriori analysis,

contextual task, exponential function, function graph, task design
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Redizajniranje kontekstualnog udzbenickog zadatka s
funkcijom eksponencijalnog tipa pomecu a posteriori analize
radova studenata nastavnickog studija matematike

Zeljka Milin Sipus', Aleksandra Cizmesija® i Ana Kataleni¢?

! Prirodoslovno-matematicki fakultet, Sveug&iliste u Zagrebu, Hrvatska
2Fakultet za odgojne i obrazovne znanosti, Sveuciliste u Osijeku, Hrvatska

Sazetak. Eksponencijalna funkcija je jedna od temeljnih funkcija u
matematickom modeliranju i uglavnom je dijelom kurikuluma srednjoskolskog
matemati¢ckog obrazovanja. Horizontalna asimptota je istaknuto svojstvo grafa
eksponencijalne funkcije. Proveli smo opseznu studiju unutar Antropoloske teorije
didaktike o asimptoti i asimptotskom ponaSanju u kontekstu srednjoskolskog
matemati¢ckog obrazovanja u Hrvatskoj. Dio te studije ¢ine upitnici s budué¢im
uciteljima matematike. Jedno od pitanja iz upitnika je a priori dizajnirano za
ispitivanje uloge asimptote u crtanju i opisivanju eksponencijalne funkcije. U ovom
radu, predstavljamo rezultate a posteriori analize studentskih uradaka na
izmijenjenom udzbenickom zadatku s funkcijom eksponencijalnog tipa.
Raspravljamo o svojstvima udZbenickog i1 redizajniranog zadatka te donosimo
prijedloge za izbor i dizajn zadataka koji doprinose razvijanju koherentnosti i

diskursa u matematickom znanju studenata.

Kljucne rijeci: Antropoloska teorija didaktike, a posteriori analiza, dizajn

zadataka, eksponencijalna funkcija, graf funkcije, kontekstualni zadatak
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The role of online applications as a tool of
support in mathematics education

Ana Mirkovi¢ Mogus

Faculty of Education, University of Osijek, Croatia

Abstract. Mathematics plays an important role in the educational and
developmental aspects of each country. Many reports show that students have
difficulty learning mathematics. There is some evidence that suggests technology can
promote learning mathematics and improve student performance in this area. The
aim of this paper is to review the research on the use of online applications for
teaching and learning mathematics. Along with investigating the use of applications
for mathematics, their influence on students' mathematical learning experience is
researched as well. The results of the review implicate a basis for choosing a
framework for evaluation and informing teaching decisions about the use of
applications to enhance students' conceptual understanding. The framework can be
used as a support for teachers’ professional development. Results also show that
online applications offer benefits in learning and teaching mathematics, but it also
seems that a set of technological and pedagogical elements is necessary for the

enhancement of mathematics active inclusion, learning and mathematical thinking.

Keywords: technology, support, teacher, mathematics, education
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Uloga online aplikacija kao alata
podrsSke u matematiCkom obrazovanju

Ana Mirkovi¢ Mogus

Fakultet za odgojne i obrazovne znanosti, Sveuciliste u Osijeku, Hrvatska

Sazetak. Matematika ima vaznu ulogu u obrazovnim i razvojnim aspektima
svake drzave. Mnogi izvjestaji prikazuju da ucenici imaju poteskoca u ucenju
matematike. Postoje neki dokazi koji upucuju na tehnologiju kao pomoé¢ u
promicanju uc¢enja matematike i poboljSanju uspjesnosti u¢enika u matematici. Cilj
je ovog rada dati pregled istrazivanja o koriStenju online aplikacija za poucavanje i
ucenje matematike. Osim toga, ispitan je i utjecaj online aplikacija na iskustvo ucenja
matematike od strane ucenika. Rezultati pregleda daju osnovu za odabir okvira za
evaluaciju 1 informiranje uciteljskih odluka o koriStenju aplikacija u svrhu
poboljsanja ucenickog konceptualnog razumijevanja. Okvir se moze Koristiti 1 kao
podrska stru¢nom razvoju ucitelja. Rezultati takoder upucuju da online aplikacije
nude prednosti u u¢enju i poucavanju matematike, ali je takoder potreban i skup
tehnoloSkih 1 pedagoskih elemenata nuZan za poboljSanje aktivnog ukljucivanja u

matematici, matematickog ucenja i razmisljanja.

Kljucne rijeci: tehnologija, podrska, ucitelj, matematika, obrazovanje
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From a nice tiling to theory and applications

Emil Molnar, Istvan Prok and Jend Szirmai

Department of Geometry, Institute of Mathematics, Budapest University of Technology and
Economics, Hungary

Dedicated to the Memory of Professor Stanko Bilinski (1909-1998).

Abstract. Starting with the fundamental tiling for the Euclidean plane group 16.
p6 with pentagons, we see that any tile — after “logical” side pairing (as gluing) — will
be a surface (now a topological sphere, realized by a doubly covered triangle, of
angles 90° = n/2, 60° = 7/3, 30° = 7/6) with singular points (as above by periods 2,
3, 6, respectively) as rotational centres with angles 180° = &, 120° = 27/3, 60° = 7/3
(imagine with colours: green, blue, red), respectively.

Consider this for the 17 plane groups of Euclidean plane E?, then for the
analogous groups of sphere S? (where the angle sum of any triangle bigger than 180°
= m; we have infinitely many groups, but finitely many types), moreover for the
analogous groups of the Bolyai-Lobachevsky hyperbolic plane H? (where the angle
sum of any triangle smaller than =; infinitely many groups, but we shall have an
overview by the so called Macbeath signature).

And so on, going to the classical theory, relatively completed for dimensions 2
in our joint work (Luci¢ et al., 2018) on so-called Poincaré—Delone (Delaunay)
problem, and its nice applications in science and arts. The very hard analogous 3-
dimensional topic will also be mentioned, mainly with examples and figures only.

Our aim is also to give an Honour to the Memory of Professor Stanko Bilinski,
a scientific Father of former Yugoslavian and Hungarian geometricians, who was a
“master of Brezelfliche” (double torus) and its hyperbolic tilings, see e.g. in
(Bilinski, 1985).

Keywords: crystallographic groups in E2, S?, H2, Poincaré—Delaunay problem

of “planigons”
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Egy szép kovezéstol az elméletig, az alkalmazasokig

MOLNAR Emil, PROK Istvan és SZIRMAI Jend

Budapesti Miiszaki és Gazdasdgtudomanyi domanyi Egyetem, Matematika Intézet, Geometria
Tanszék, Hungary

Stanko Bilinski Professzor Ur (1909-1998) Emiékére

Kivonat. Az 1. abran (képzeljiik el a szineket) az E? euklideszi sik otszog-
alaptartomanyokkal torténd szabalyos kovezését lathatjuk. Vegyiik észre a hatod-rendli a
forgatasokat piros-szint kozéppontokkal, 27t/6 = 60° szdgekkel, és hasonloan a kék-szinii
3-centrumokat (), zo6ld-szini 2-centrumokat (y), a megfelelé 120°, illetve 180°
forgasszogekkel. A 6-centrumok mutatjak a fellépd eltolasok 6-forgasu racsat is. Barmely
két 6tszoghoz létezik egyetlenegy olyan egybevagodsagi transzformdcio, mely az elsd
Otszoget a masodikba viszi gy, hogy az egész kovezés oOnmagara képzodik. A
transzformaciok Osszessége, melyek mindegyike egy tetszélegesen rogzitett (sarga) (1)-
tartomdnyt egy tetszéleges Q-tartomanyba képez, alkotia a G = p6 = 236 (geG) jelii
csoportot a kompozicié (egymésutani végrehajtas) miiveletével. Igy a fenti G csoportrol is
geometriai képet alkottunk: Egy uz, mely az (1) tartomdnytol a szomszédokon at a g
tartomdnyig vezet, a g csoportelemet az a, B, y generatorokkal (és azok a?, 2, yt=y
inverzeivel) fejezi ki (nem konnyen!). Igy képezhetjiik a G csoport-grdafot haromféle
(szines) iranyitott éllel, a harom generatornak megfeleléen.

Képzeljék el, hogy a csoportelmélet egészét ilyen geometriai nyelven is
megfogalmazhatjuk, és ez a szemléltetés sok elénnyel jar, vonzé geometriai problémakhoz
vezet. Példaul, a fenti p6 = 236 csoportnak 4-féle (topologikus) tipusu alaptartomdnya van
(keressiik meg a sokszog-tipusokat!). A 30-, 60-, 90-fokos iskolai vonalzo sokat segithet.
Képzeljiik el az analog 234, 235 csoportok alaptartoményait, ott is 4 tipus van, de mar az
S?jelii gombfeliileten; vagy a 237, 238, ... csoportok végtelen sok esetét, ott is 4 tipus van,
de mar a Bolyai-Lobacsevszkij-féle H? hiperbolikus sikon. A jol ismert (45°, 45°, 90°)

iskolai vonalz6 segithet a G = 244 = p4 csoport 3-féle alaptartomanyanak megtalalasaban.
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Az E? euklideszi sikon 17 analdg sikcsoport van (a kdzépkori iszlAm miivészet
zsenidlis intuitiv felfedezése nyomdn, pl. a granadai Alhambra (Vords var) kolostor-
templom diszitéseiben, Spanyolorszag). Polya Gyorgy, hires magyar matematikus (és
matematika-tanar) kedvenc témai is voltak ezek a csoportok. Ezek alaptartomanyainak
mind a 46 topologikus tipusat (€s a tovabbi 47 un. laptranzitiv kovezést) csak 1959-ben
publikalta B. N. Delone (Delaunay) orosz matematikus. H. Poincaré mar 1882-ben
megkisérelte a H? hiperbolikus sik analdg csoportjainak leirasat, a C komplex szamsikon
modellezve H?-t, és alkalmas alaptartomanyok keresésével (kés6bb kideriilt, hogy kisérlete
“eleve reménytelen” volt, de modszerét a térre is kiterjesztette).

Az a Poincaré-Delaunay probléma, hogy az S?, E?, H? sikokon egységesen
megkeressiik az analdg csoportok (kompakt, azaz korlatos és zart) alaptartomanyait, hossza
id6re nyitott kérdés maradt.

Stanko Bilinski professzor ur, a Zagrabi Egyetem egykori geometria tandra, az
akkori jugoszlav és a magyar geométerek tudoményos édesapja ugyancsak sokat
foglalkozott a hiperbolikus sikcsoportokkal és azok realizacidival. Kedvence volt a dupla-
torusz (perec-feliilet vagy Brezelfldche, szép német nyelvii eldadasaiban), lasd [1] csak
példaként.

Az “utolso 1épés”, eldadasunk f6 témaja, lehet talan az a szamitogépes program,
a program COMCLASS ¢és az az 6sszefoglald cikk [2], melyet nem-rég publikaltunk.

Az eldadasban roviden, a konferencia-kotetben kicsit hosszabban emlitjiik
majd a szerzok térbeli eredményeit. A térbeli megfeleld problémak altaldban nyitottak,

néha “reménytelennek” tlinnek.

Kulcsszavak: szabalyos kovezések, sikcsoportok a gdombon, az euklideszi és a

hiperbolikus sikon
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Teachers’ opinions on geometric contents in the curriculum
for the lower grades of primary school

Sanela Nesimovi¢! and Karmelita Pjani¢?

! Faculty of Educational Sciences, University of Sarajevo, Bosnia and Herzegovina
2Faculty of Pedagogy, University of Biha¢, Bosnia and Herzegovina

Abstract. In order to obtain a higher quality of education, each one of its
segments should be maximally arranged. Teachers are an essential part of quality
education in mathematics. Their role is irreplaceable: the way they teach and think
about their profession directly influences the results of their work, i.e. the learning
outcomes of their pupils. The manner and the quality of their work depend on their
opinion (or attitude) towards other segments of the educational system in
mathematics.

The aim of this paper is to investigate teachers' opinions on geometric contents
in the curriculum for the first five grades of primary school and the quality of
mathematics textbooks for the first five grades, along with their reflections on the
teaching methods used in teaching the geometric contents. For this purpose, the
survey was conducted among 108 teachers from 11 primary schools in Sarajevo
Canton.

By analyzing the results of the survey, we can notice that the teachers of
different educational levels and years of work experience had the same or similar
opinions to all the questions dealing with the representation of geometric contents,
the quality of textbooks for a particular grade as well as the selection and application

of teaching methods in teaching geometry.

Keywords: geometry, primary education, teachers' opinions, textbook, teaching

methods
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Misljenja ucitelja o geometrijskim sadrzajima
zastupljenim u niZim razredima

Sanela Nesimovi¢! i Karmelita Pjani¢?

! Pedagoski fakultet, Univerzitet u Sarajevu, Bosna i Hercegovina
2Pedagoski fakultet, Univerzitet u Bihaéu, Bosna and Hercegovina

Sazetak. Da bismo imali §to kvalitetnije obrazovanje, svaki njegov segment bi
trebao biti maksimalno ureden. Bitnu kariku kvalitetnog matemati¢kog obrazovanja
¢ine ucitelji. Njihova uloga je nezamjenjiva: nacin na koji rade i kako razmisljaju o
svom pozivu direktno utice na rezultate njihovog rada, odnosno na ishode u¢enja kod
ucenika. Nacin i kvalitet njihovog rada zavisi od njihovog misljenja (ili stava) prema
preostalim segmentima matematickog obrazovanja.

Cilj ovog rada je da istrazimo misljenja ucitelja o geometrijskim sadrzajima u
kurikulumu za prvih pet razreda osnovne skole, o kvaliteti udzbenika matematike za
prvih pet razreda, te misljenja o nastavnim metodama koje se koriste pri poucavanju
geometrijskih sadrzaja. U tu svrhu anketirano je 108 ucitelja iz 11 osnovnih $kola
Kantona Sarajevo.

Analizom rezultata anketiranja mozZemo primijetiti da su ucitelji razliCitog
obrazovnog nivoa i godina staza imali ista ili slicna miSljenja za sva postavljena
pitanja koja se odnose na zastupljenost geometrijskih sadrzaja, kvaliteti udzbenika
za odredeni razred kao 1 odabiru 1 primjeni nastavnih metoda u procesu poucavanja

geometrije.

Kljucne rijeci: geometrija, razredna nastava, misljenje ucitelja, udzbenik,

nastavne metode
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Geometric thinking of primary school pupils

Sanela Nesimovi¢! and Karmelita Pjani¢?

! Faculty of Educational Sciences, University of Sarajevo, Bosnia and Herzegovina
2Faculty of Pedagogy, University of Biha¢, Bosnia and Herzegovina

Abstract. According to Pierre van Hiele’s theory of the levels of geometric
thinking, there are five levels of geometric thinking: visualization, analysis, informal
deduction, deduction and rigor. Those levels are not conditioned by one's age, but
their order is unchangeable. On the other hand, the teaching of mathematics is
characterized by the fact that pupil deal with various mathematical concepts adopted
at different levels at the same time. Some of the concepts have been developed
completely while the development of other concepts has remained at the level of
mere perception.

In this paper, we propose an age-appropriate framework for reaching each of
the van Hiele’s levels, based on van Hiele’s theory of geometric thinking and taking
into account the document ‘The Common Core Curricula for Mathematics Based on
Learning Outcomes in Bosnia and Herzegovina’. The aim of this paper is to
determine whether primary school pupils can identify the elements of different levels
of geometric thinking according to van Hiele. For this purpose, a survey was carried
out among 1889 primary school pupils (1st - 5th grade) from ten primary schools in
Sarajevo Canton. For the purpose of testing, the diagnostic tests were created
containing the tasks which detect the elements of the following levels: visualization,
analysis, informal deduction.

The research results show that the levels of geometric thinking of primary
school pupils generally fit into the suggested framework. In addition, it was noticed
that pupils who achieve the level of visualization and analysis succeed in detecting
causal relationships regarding the specific geometric content. The obtained results
indicate that the transition from one level of geometric thinking to the next one does
not happen suddenly.
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informal deduction
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Geometrijsko miSljenje u€enika razredne nastave

Sanela Nesimovi¢! i Karmelita Pjani¢?

! Pedagoski fakultet, Univerzitet u Sarajevu, Bosna i Hercegovina
2Pedagoski fakultet, Univerzitet u Bihaéu, Bosna and Hercegovina

Sazetak. Prema van Hieleovoj teoriji o nivoima geometrijskog misljenja,
postoji pet nivoa geometrijskog misljenja: vizualizacija, analiza, neformalna
dedukcija, dedukcija i strogost. Ti nivoi nisu uslovljeni godinama starosti, ali njihov
poredak je nepromjenljiv S druge strane, nastavu matematike karakteriSe to da
ucenici u isto vrijeme barataju razli¢itim matematickim pojmovima koji su usvojeni
na razli¢itim nivoma. Neki od pojmova su razvijeni u potpunosti dok je razvoj drugih
pojmova ostao na nivou same percepcije.

U ovome radu predlazemo jedan uzrasno prikladni okvir za dostizanje svakog
od van Hieleovih nivoa, zasnovano na van Hieleovoj teoriji geometrijskog misljenja
1 uzimaju¢i u obzir dokument 'Zajednicka jezgra nastavnih planova i programa za
matematiku bazirano na ishodima ucenja za Bosnu i Hercegovinu'.

Cilj ovog rada je ustanoviti da li se kod ucenika razredne nastave mogu
identifikovati elementi razli¢itih nivoa geometrijskog misljenja prema van Hieleu. U
tu svrthu provedeno je istrazivanje medu 1889 ucenika osnovne $kole (od 1. do 5.
razreda) iz deset osnovnih Skola Kantona Sarajevo. U cilju ispitivanja kreirani su
dijagnosticki testovi, koji sadrZzavaju zadatke koji otkrivaju elemente sljedecih nivoa:
vizualizacija, analiza, neformalna dedukcija.

Rezultati istrazivanja pokazuju da nivoi geometrijskog misljenja kod ucenika
razredne nastave generalno odgovaraju predlozenom okviru. Osim toga, uoceno je
da ucenici koji dosegnu nivo vizualizacije 1 analize uspijevaju da uvidaju kauzalne
odnose u pogledu specificnog geometrijskog sadrzaja. Dobiveni rezultati ukazuju na
to da se prelazak s jednog nivoa geometrijskog misljenja na sljede¢i ne odvija u

naglim skokovima ve¢ kontinuirano.

Kljucne rijeci: geometrijsko miSljenje, razredna nastava matematike,

vizualizacija, analiza, neformalna dedukcija
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The principle of mathematical induction and Peano's axioms,
their definition and application through the prism of the
methods of mathematics and mathematical competences

of the mathematics teachers

Ahmed Pali¢t, Maid Omerovié¢! and Edisa Korda?

! Faculty of Education, University of Travnik, Bosnia and Herzegovina
2Elementary school “Turbe* in Travnik, Bosnia and Herzegovina

Abstract. In our talk, we will explore concrete and necessary theoretical and
practical basics related to the Principle of Mathematical Induction and Peano's
Axioms, their methodology and the level of student knowledge related with them.
First, we will define mathematical induction and present some consequences. Next,
we will provide several examples, to show the easiest possible way of understanding
of mathematical induction as well as Peano’s Axioms. Further, we will present a
methodology of the researched problem. Then, we will present the analysis and the
results of the research, through the prism of the mathematical methods and related
with mathematical competence of the mathematics teachers. Finally, we will solve
the same problems. The participants in the research were students coming from
second, third and fourth year of the Faculty of Education, University of Travnik.
Their distribution was following: the sample consist of 15.4% of second year
students, 23.1% of third year students, and 61.5% of fourth year students. The
students belong to two different cohort; 84.6% of students coming from the
Department of Mathematics and Informatics and 15.4% from the Department of
Classroom Teaching. In the research, we will use the analytical-descriptive method,
the method of theoretical analysis, the causal method, and the survey method. The
results of the research will be presented in a graphical and tabular form with
explanation and discussion. Our talk will give an overview of the current state of the
theoretical and practical basis of the Principle of Mathematical Induction and Pean's
Axioms, as well as the level of knowledge of students in this field.

Keywords: principle, induction, mathematics, axiom, methods, competences
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Princip matematicke indukcije i Peanovi aksiomi, njihova
definicija i primjena kroz prizmu metoda matematike i
matemati¢kih kompetencija nastavnika matematike

Ahmed Pali¢t, Maid Omerovié¢! and Edisa Korda?

! Edukacijski fakultet, Univerzitet u Travniku, Bosna i Hercegovina
2(Osnovna $kola “Turbe* u Travniku, Bosna i Hercegovina

Sazetak. U ovom ¢emo radu istraziti konkretne i neophodne teorijske i
prakti¢ne osnove koje se odnose na nacelo matematicke indukcije i Peanove aksiome,
metodologiju istog te razinu znanja studenata. U prvom dijelu rada razmatrat ¢emo
matematicku indukciju, te pokuSati, pomocu nekoliko primjera, pokazati
najjednostavnije razumijevanje matematicke indukcije kao i Peaonovih aksioma. U
drugom dijelu rada predstavit ¢emo metodologiju istraZzivanja navedenog problema.
U treCem dijelu predstavit ¢emo analizu i1 rezultate istraZzivanja o metodama
matematike i matematicke kompetencije nastavnika matematike, kroz prizmu i
rjesavanje istih problema. Istrazivanje je obuhvatilo studente druge, trece i Cetvrte
godine Edukacijskog fakulteta sa sljede¢im sudjelovanjem: studenti druge godine
¢ine 15.4% uzorka, studenti tre¢e godine 23.1% 1 studenti Cetvrte godine 6.5%.
Studenti dolaze s dvaju odjela Edukacijskog fakulteta Univerziteta u Travniku;
84,6% s Odsjeka za matematiku i informatiku 15,4% s Odsjeka za razrednu nastavu.
U istrazivanju ¢emo Kkoristiti analiticko-deskriptivnu metodu, metodu teorijske
analize, uzro¢nu metodu 1 metodu istraZivanja. Rezultati istrazivanja prikazat ¢e se u
grafickom 1 tablicnom obliku s objasnjenjem 1 raspravom. Iz ovog rada 1 njegovog
zakljucka ocekujemo utvrdivanje trenutnog stanja teorijske 1 prakticne osnove
principa matematicke indukcije i Peanovih aksioma, kao i razine znanja studenata na

ovom podrucju.

Kljucne rijeci: matematicka indukcija, Peanovi aksiomi, kompetencije
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Midlines of a quadrilateral

Sead Resi¢!, Fatih Destovi¢? and Nermin HodZic®
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Abstract. By observing the history of geometry, we can see that some of the
most attractive problems have been concurrency of three lines and collinearity of
three points. Two astonishing results related to these problems are the theorems of
Ceva and Menelaus, which are well known to most mathematicians, especially the
competitive ones. Here we present a theorem of a quadrilateral, applying these
theorems and van Aubel’s theorem. Namely, we prove that in the quadrilateral
ABCD, whose diagonals meet at O, the midline of a triangle BOC is parallel to BC,
the midline of a triangle AOD s parallel to AD, and the midlines of a quadrilateral
ABCD connecting the sides AB and CD meet at one point or are parallel.

We also present interesting collinearity and concurrency in a quadrilateral, and
another equivalent form of Ceva’s theorem, which is also useful. The main point is
that these results are derived using only similarity and midlines of triangles, which
are well known to primary school students as well as the beginners among high
school students. We will consider a number of statements related to the mentioned

concepts.

Keywords: Ceva’s theorem, Menelaus theorem, cevian, concurrency,

collinearity

69



The 7t International Scientific Colloquium MATHEMATICS AND CHILDREN 2019

Srednjice Cetverokuta
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konkurentnost triju pravaca i kolinearnost triju toaka. Dvije znaCajna tvrdnje
vezane uz ta dva problema su CeviniMenelajev teorem, koji su vecini matematicara
dobro poznati, a posebno natjecateljima. Ovdje razmatramo teorem o Cetverokutu,
primjenjuju¢i ova dva teorema i van Aubelov teorem. Naime, ako se u Cetverokutu
ABCD dijagonale sijeku u tocki O, tada se sljedeca tri pravca: pravac na kojima lezi
srednjica trokuta BOC paralelna s BC; pravac na kojem leZi srednjica trokuta AOD
paralelna s AD i pravac koji prolazi polovistima stranica AB i CD, sijeku u jednoj
tocki ili su paralelna.

Takoder predstavljamo zanimljivu kolinearnost i konkurentnost u ¢etverokutu
i jedan ekvivalentni oblik Cevinog teorema, koji je takoder primjenjiv. Vazno je
napomenuti da su ovi rezultati dobiveni samo pomocu sli¢nosti 1 svojstava srednjica
trokuta koji su dobro poznati kako ucenicima osnovnih Skola, tako 1 pocetnicima
medu srednjoskolcima. Bit ¢e promatrane razlicite tvrdnje koje povezuju spomenute
pojmove.

Kljucne rijeci: Cevin teorem, Menelajev teorem, cevijana, konkurentnost,

kolinearnost
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The influence of inclusion on the conative and cognitive
characteristics of children in mathematics teaching
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Abstract. In this research, we analyzed the cognitive and conative
characteristics of the eighth-grade students of primary nine-year education such as:
motivation for learning mathematics, situational interest in learning mathematics
during school classes, mathematical anxiety, self-esteem regarding school
achievement, attribute of success and failure in mathematics and the role of assistant
in teaching mathematics for children with disabilities. On a sample of 136 eight-
grade students and 17 teachers, we analyzed the cognitive and conative
characteristics of the above-achieving students in mathematics, under-achieving
students and average students. The research was conducted using the questionnaire
and the examination of students’ knowledge. The results of the research will be
presented in graphical and tabular form with explanation and

discussion. In conclusion we will outline the directions that should be taken to

further improve this insufficiently studied area.

Keywords: mathematics, talent, children with developmental disabilities,

cognitive and conative qualities, teaching, teacher, student
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Utjecaj inkluzije na konativne i kognitivne osobine u¢enika
u nastavi matematike
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Sazetak. U ovom istrazivanju analizirali smo kognitivne i1 konativne
karakteristike ucenika osmog razreda primarnog devetogodiSnjeg obrazovanja kao
Sto su: motivacija za u¢enje matematike, situacijsko zanimanje za ucenje matematike
tijekom nastave, matematicka anksioznost, samopostovanje u odnosu na Skolski
uspjeh, atribut uspjeha i neuspjeha u matematici i uloga asistenta u nastavi
matematike za djecu s teSko¢ama u razvoju. Na uzorku od 136 ucenika osmog
razreda i 17 nastavnika analizirali smo kognitivne i konativne karakteristike
natprosjecnih uéenika, ispodprosjecnih ucenika i prosje¢nih ucenika u postignu¢ima
iz matematike . Istrazivanje smo proveli koristeéi upitnik i test. Rezultati istrazivanja
bit ¢e prikazani u grafickom 1 tabliénom obliku s objas$njenjem i raspravom. U
zakljucku istiCemo smjernice koje treba poduzeti za daljnje poboljSanje ovog

nedovoljno istrazenog podrucja.

Kljucne rijeci: matematika, talent, djeca s teSko¢ama u razvoju, kognitivne i

konativne kvalitete, poucavanje, ucitelj, u¢enik
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Problems and problem situation at the teaching topic example
""Number divisibility and applications™
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Abstract. Nowadays one of the most important research direction is exploring
of mathematical language knowledge, which presents an ability of the person to
understand and recognize the mathematics in everyday life, to create conclusions
which are supported by the facts and proofs and to apply mathematics in the way that
will respond to a life requests. The generally accepted opinion is that the teaching
lesson is not efficient if the students are not working active and by themselves, if they
are not solving the problems which request a giving an idea, cleverness and a certain
level of creativity. It is confirmed that the use of certain education methods can
contribute to the development of students’ knowledge. In our country, very few
experimental studies are done in the number theory area. Considering the importance
of students engagement and the development of students’ creative ability, we decided
to reconsider educational effects one of the modern educational methods, i.e. problem
learning with parallel equal groups in the first grade of general high school and in
first grade of the mathematical high school on the topic "Number divisibility and

applications”.

Keywords: Problem learning, number divisibility, lesson organization,

experimental observing teaching effects, research results
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